Introduction
Consider a finite group G. For g ∈ G, denote by g G the conjugacy class of G containing g, and by |g G | the size of g G . The centralizer of g in G is denoted by C G (g). Put N(G) = {n | ∃g ∈ G such that |g G | = n} \ {1}. In 1987 Thompson posted the following conjecture concerning N(G).
Thompson's Conjecture (see [44] , Question 12.38) . If L is a finite simple nonabelian group, G is a finite group with trivial center, and N(G) = N(L), then G ≃ L.
A more general question can also be formulated. When the property of equality sets of conjugacy classes sizes of two groups with a trivial center implies an isomorphism.
We say that the group L is recognizable by the set of conjugacy classes size among finite groups with a trivial center (briefly recognizable) if the equality N(L) = N(G), where G is a group with trivial center, implies an isomorphism L ≃ G. Obviously, any group having a non-trivial center is not recognizable. However, it is easy to show that S 3 is recognizable. Thus, the condition of solvability is not a necessary condition for recognizability. As an example of an non-recognizeble group, we can take a Frobenius group of order 18. There exists two non-isomorphic Frobenius groups of order 18 and they have the same sets of conjugacy classes sizes. The question of the existence of the group L such that there exists an infinite set of groups {G i , i ∈ N} with trivial center such that N(L) = N(G i ), where i ∈ N, is open. The set N(L) is closely connected with the order of the group L, and sometimes precisely determines it, which essentially limits the possibilities for constructing an infinite series of groups with a trivial center and the same set of conjugacy classes size.
We denote by ω(G) and π(G) the set of elements orders in G and the set of all prime divisors of orders of G respectively. The set ω(G) defines a prime graph GK(G), whose vertex set is π(G) and two distinct primes p, q ∈ π(G) are adjacent if pq ∈ ω(G). The greatest power of a prime p dividing the natural number n will be denoted by n p . The number p n such that there exists α ∈ N(G) is a multiple of p n and there is no β ∈ N(G) that is a multiple of p n+1 is denoted by |G|| p . If π ⊆ π(G) then |G|| π = p∈π |G|| p . To shorten the notation, we introduce the following notation |G|| = |G|| π(G) . Note that the definitions of the number |G|| are correct and (|G||) p = |G|| p . We have |G|| p divides |G| p for any p ∈ π(G).
Take a group L with trivial center and disconnected prime graph GK(L). In [20] it is proved that if N(L) = N(G) for any group G with trivial center then |G| = |G|| = |L|. However, in the general case the equality |L| = |L|| may not hold. An example of a group G with a trivial center such that |G| > |G|| is constructed in [14] .
The question of recognizability is most interesting for simple groups. One of the first groups for which the proof of recognizability was the sporadic group whose prime graph has more than two connected components, see [18] . In [19] , using previous results, it is proved that any sporadic group is recognizable. In [48] it is proved that almost sporadic groups are also recognizable. In [49] end [42] obtained the classification of finite simple groups with disconnected prime graph. Using this deep result Chen [20, 21] established the Thompson's conjecture for all finite simple groups with prime graph have more then two connected components. In the last 10 years, the recognition of a large number of simple groups. However, the results were of a partial nature. Until 2009, the prime graph of any group for which the recognition was proven was disconnected. In [37] was shown the recognition of groups with a connected prime graph, in particular Alt 10 and L 4 (4) are recognizable. In [1] , the proof of the validity of the Thompson's conjecture for all simple Lie groups of type A n (q) is completed. In article [51] showed that Thompson's conjecture holds for finite simple exceptional groups of type E 7 (q). In [33] showed that Thompson's conjecture holds for F 4 (q) for odd q, E 6 (q), 2 E 6 (q). As corollary of thats resaults we obtain that Thompson's conjecture has been proved valid for all exceptional group of lie type. In seryes articles [7, 28-32, 36, 37, 40, 41] it was proved that Thompson's conjecture holds for all simple alternating groups. Recognizability of simple groups 2 A n (q) is proved in [6] . In [5] and [2] , the recognizability of the groups B n (q) and C n (q) is proved. The prime graph 2 B 2 has 4 connected components and recognition of that's groups was proved in [20] . In [24] , the recognizability of the groups D p+1 (2) and D p+1 (3) is proved, where p is a prime. In [4] , the Thompson's conjecture was proved for groups of type D n (q) where n ∈ {4, 8}. The validity of the conjecture for the groups 2 D n (q) was proved in [3] . The graph of prime numbers of the groups 3 D 4 (q) is disconnected, the validity of the conjecture for these groups was proved in [22] . Thus, to complete the proof of the validity of Thompson's conjecture, it is necessary to prove the recognizability of the groups D 4 (q) and D 8 (q) where q > 3. Theorem 1. The groups D 4 (q) and D 8 (q) are recognizable.
As a corollary of the theorem and the results obtained earlier, we obtain the following assertion.
Corollary 1.
Thompson's conjecture is hold.
Notation and preliminary results
If n is a nonzero integer and r is an odd prime with (r, n) = 1, then e(r, n) denotes the multiplicative order of n modulo r. Fix an integer a with |a| > 1. A prime r is said to be a primitive prime divisor of a i − 1 if e(r, a) = i. We write r i (a) to denote some primitive prime divisor of a i − 1, if such a prime exists, and R i (a) to denote the set of all such divisors. Zsigmondy [52] proved that primitive prime divisors exist for almost all pairs (a, i).
Lemma 1. (Zsigmondy)
. Let a be an integer and |a| > 1. For every natural number i the set R i (a) is nonempty, except for the pairs (a, i) ∈ {(2, 1), (2, 6) , (−2, 2), (−2, 3), (3, 1) , (−3, 2)}.
For i = 2 the product of all primitive divisors of a i −1 taken with multiplicities is denoted by k i (a). Put k 2 (a) = k 1 (−a). The number k i (a) is said to be the greatest primitive divisor of a i − 1. It follows from [46] that for i > 2,
where Φ i (x) is the i-th cyclotomic polynomial and r is the largest prime dividing i; moreover, if i {r} ′ does not divide r − 1 then (r, Φ i {r} ′ (a)) = 1.
As a special case of this assertion, we obtain the following lemma.
Lemma 2. If q is a power of prime then:
If π is a set of primes, then n π denotes the π-part of n, that is, the largest divisor k of n with π(k) ⊆ π; and n π ′ denotes the π ′ -part of n, that is, the ratio |n|/n π . Let G be a group, a ∈ G. We denote by a G the conjugacy class of the group G containing the element a, Ind G (a) is the index of C G (a) in the group G. Let p, q be distinct numbers. We say that the group G satisfies the condition {p, q} * (for brevity we will write G ∈ {p, q} * ) if for any α ∈ N(G) we have α {p,q} ∈ {|G|| p , |G|| q , |G|| {p,q} }.
* be a group with trivial center, where p, q ∈ π(G) and p > q > 5. Then |G| {p,q} = |G|| {p,q} and C G (g) ∩ C G (h) = 1 for any p-and q-elements g and h, respectively.
Define the following function on positive integers:
Now we introduce a new function in order to unify further arguments. Namely, given a simple classical group L over a field of order q and a prime r coprime to q, we put
For a classical group L, we put prk(L) to denote its dimension if L is a linear or unitary group, and its Lie rank if L is a symplectic or orthogonal group. Lemma 6 ( [39, Lemma 2.12]). Let L be a simple classical group over a field of order q and characteristic p, and let prk(L) = n ≥ 4. If r ∈ π(L) \ {p}, i = e(r, q), and n/2 < ϕ(r, L) ≤ n, then L includes a cyclic Hall subgroup of order k i (q).
, where S is a non abelian simple group, then |A| = |A||.
Proof. We show that |A| p = |A|| p for any p ∈ π(A). To do this, we need to show that there exists α ∈ N(A) such that α p = |A| p . Assume that S is a simple alternating group of degree n. If n < 100, then the statement is checked with [26] . Suppose that n ≥ 100. Lemma [30, Lemma 1.11] implies that the interval Ω = [n/2..3n/4] contains two prime numbers. Hence Ω contains a prime number t different from p. Let g ∈ A be an element of order t. Then C A (g) ≃ g ×R, where R is an alternating or symmetric group of degree n−t.
Assume that S is a group of Lie type over field in characteristic t. Lemma 7 implies that S contains a unipotent element g such that π(C A (g)) = {t}. Therefore, if p = t then |Ind A (g)| p = |A| p . Assume that p = t. The set π(S) contains a number r that is not adjacent in GK(S) with p (see [38] ). Let h ∈ A is an element of order r. We note that cetraliser of every external automorphism of the group S no contain an element of order r.
Lemma 9. [8, Theorem 1] Let G be a finite group, and let p and q be different primes. Then some Sylow p-subgroup of G commutes with some Sylow q-subgroup of G if and only if the class sizes of the q-elements of G are not divisible by p and the class sizes of the p-elements of G are not divisible by q.
Lemma 10.
[45] Let G be a finite group and p a prime, p ∈ {3, 5}. Then G has abelian Sylow p-subgroups if and only if |x
, where S is a simple group of Lie type, H ∈ Syl p (A), where p > 5 is a prime number. If for every α ∈ N(A) we have |α| p ∈ {1, |H|}, then |H| divides S or |H| divides A/S.
Proof. Lemma 8 imply that |A| = |A||. In particular |A|| p = |A| p . Therefor (Ind A (x)) p = 1 for any p-element x. It follows from Lemma 10 that the Sylow p-subgroups of A is abelian. Assume that p divides |S| and |A/S|. Take a p-element x ∈ A such that x acts on S as an outer automorphism. We have C S (x) includes a some Sylow p-subgroup of S. The graph GK(C S (x)) contains a vertex t such that t is not adjacent to p see [38] and a description of the centralizers of outer automorphisms of groups of Lie type. Hence, there is an element
Lemma 12. Let S ≤ A ≤ Aut(S), where S ≃ S(q) is a simple group of Lie type over a field of order q = p n where p is prime, H is a Hall π-subgroup of A, where π ⊆ π(A) and {2, 3, 5} ∩ π = ∅. If for every α ∈ N(A) we have |α| π ∈ {1, |H|}, then |H| divides S or |H| divides A/S.
Proof. It follows from Lemma 11 that for any t ∈ π, |A| t divide one of the numbers |S| or |A/S|. Assume that there exists numbers a, b ∈ π such that a divides |S| and b divides |A/S|. Take a b-element x ∈ A. Since b does not divide |S|, we see that x acted on S as a fields automorphism of S. We have C S (x) ≃ S(p m ), where m is a non trivial divisor of n. The graph GK(C S (x)) contains a vertex r that is not adjacent to a see [38] . Hence, there exists an element y ∈ C S (x) such that (Ind C S (x) (y)) t = |C S (x)| t and 1 < (Ind A (xy)) π < |H|; a contradiction.
Lemma 13. Let L be a group of Lie type over a field of order q and characteristic p, H ∈ Syl t (L), where t > 5 is prime. If for any α ∈ N(L) we have |α| t ∈ {1, |H|} then H is a cyclic or L ≃ A 1 (t n ) where n > 1.
Assume that L is a classical group. From the description of the cyclic structure of tors of the finite simple groups see [9] , it follows that L contains an element of order
otherwise. From the description of the spectra of finite simple groups it follows that L contains an element h of order r.k. Therefor (Ind L (h r )) t < |L| t , and hence (Ind L (h r )) t = 1. Thus, the centralizer of any t-elements contains an element conjugate to h r . Let T < L be a tors having the cyclic structure
L . Since t, a = p, then in L concludes a maximal torus X such that xy ∈ X. Hence X has the cyclic structure ϕ(t, L) + ϕ(t, L) + ϕ(a, L) > n. It follows from [9] that L contains no torus with such a cyclic structure; a contradiction.
If L is an exceptional group of Lie type, then the lemma follows from [25] .
Proof. Since t > 5, we see that L is group of Lie type. From the fact that t does not divide |L|, it follows that H is a subgroup of the group of field automorphisms. The group of field automorphisms of the group L is cyclic and hence H is cyclic.
) r < |L| r and one of the following holds:
, where (n − 1)/m is an odd number and if q = 3 and n is an even number, then m = 1;
• Ind L (x) = |L|d/(α|GU n (q)|) , where n is an even number and, if q = 3, then α = 2, if q = 3 and (q + 1) 2 > 2, then α ∈ 1, 2 and otherwise, α = 1;
(ii) if n is odd and
) r 2 < |L| r 2 and one of the following holds:
where m 2 is a divisor of n − 1. In particular, if q ∈ {2, 3, 5}, then m 2 = 1;
• q ∈ {2, 3} and Ind L (x 2 ) = |L|d/(α|GL n (q)|), where if (q − 1) 2 > 2 and q = 5, then α ∈ {1, 2}, if q = 5, then α = 2 and otherwise, α = 1;
(iv) if n ≥ 6 is even and
and one of the following holds:
• Ind L (x 3 ) = |L|d/|GU n/2 (q 2 )|, where n/2 is an even number.
Proof. The assertion of the lemma follows from the description of the orders of automorphism groups of finite simple groups of Lie type and Lemma 16.
Lemma 18. Let G(q) be a simple group of Lie type in characteristic p, t ∈ π(G(q)) \ {p}.
Proof. It follows from the description of the spectra of finite groups of Lie type see [10] [11] [12] [13] that G(q) contain an element h such that t ∈ π(|h|) and G(q) no contain en element of order |h|p. Hence |C G(q) (h)| is not divisible by p and (Ind G(q) (h)) p = |G(q)| p .
Proof the Theorem for groups
, where q = p n . If G is a group with trivial centre and
Proposition is proved for q = 2 and q = 3 see [24] . We will assume that q > 3.
Lemma 19. G ∈ {r 3 (q), r 6 (q)} * Proof. Take h ∈ L such that (Ind L (h)) r i (q) < |G| r i (q) where i ∈ {3, 6}. Since r i (q) and p are not adjacent in GK(L), see [38] , then h is a semisimple element. Hence h lies in some maximal torus T of L. It follows from the description of the orders of maximal torus of L see [16] 
, we obtain G ∈ {r 3 (q), r 6 (q)} * .
Lemma 20. A Hall R 3 (q)-subgroup and R 6 (q)-subgroup of G exists and abelian.
Proof. Note that 2, 3, 5 ∈ R 3 (q) ∪ R 6 (q). It follows from Lemmas 19 and 5 that for any r ∈ R 3 (q) ∪ R 6 (q) a Sylow r-subgroup of G is abelian. Hence for any r-element h we have (Ind G (h)) r = 1. It follows from Lemma 15 that (Ind G (h)) R i (q) = 1, where i such that r ∈ R i (q). It follows from Lemma 9 that the Hall R i (q)-subgroup exists and abelian.
where S is non abelian simple group, and |G| is a multiple of k 3 (q)k 6 (q).
Suppose that G include non-trivial solvable minimal normal subgroup X. We have π(X) ⊆ R i (q), where i ∈ {3, 6}. Take a Hall R j (q)-subgroup H of G, where j ∈ {3, 6} \ {i}. Therefor XH is a Frobenius group with kernel X. Hence N( G) contains a number is multiple of |X|. It follows that |X| divides k i (q). Since X is a Frobenius kernel of XH, we obtain |X| − 1 is multiple of |H|. It follows from
; a contradiction with Lemma 2. Let R be the socle of G. We get that R = S 1 × ... × S k , where S 1 , ..., S k are non abelian simple groups. Assume that k > 1. It follows from the definition that the order of S h is multiple of some number of R 3 (q) ∪ R 6 (q), for every 1 ≤ h ≤ k. Note that ω( G) ⊆ ω(G). Hence R contains no element of order tr, where t ∈ R 3 (q) and r ∈ R 6 (q). Thus,
Similarly, as in Lemma 8 we can shows that |R| = |R||. In particular |R| R 3 (q)∪R 6 (q) > (Ind R (g)) R 3 (q)∪R 6 (q) ; using Lemma 3 we get a contradiction.
Thus k = 1 and R ≤ G ≤ Aut(R), where R is a simple group. Since |G| R 3 (q)∪R 6 (q) = | G| R 3 (q)∪R 6 (q) we get k 3 (q)k 6 (q) divides | G|.
Let S, G and K be similar as in Lemma 21.
Lemma 22. |Out(S)| is not a multiple of k 3 (q) and k 6 (q).
Proof. Assume that there exists i ∈ {3, 6} such that k i (q) divides |Out(S)|. Since r i (q) > 5, we get S can not be isomorphic to a sporadic group or an alternating group. Hence S is a group of Lie type over a field of order l = t r of characteristic t. From Lemmas 8 and 3 it follows that |S| divides |G||. Since |G|| = |L||, we obtain |S| divides |L|. In particular, for any k ∈ π(S), we have |S| k ≤ |L| k .
Suppose that S is a group of exceptional Lie type. From 2, 3 ∈ R i (q), it follows that k i (q) divides order of the field automorphisms group of S. Hence l ≥ t k i (q) . It follows from Lemma 2 that k i (q) ∈ {(q 2 − q + 1)/(3, q + 1), (q 2 + q + 1)/(3, q − 1). Note that for any k ∈ π(L), we have |L| k < |L| p and
, and l > 2 or q > 4, then we obtain |S| t > |L| p . Assume that l = 2, q = 4. Then 43 ∈ π(S) \ π(L); a contradiction.
Assume that S is a classical group of Lie type and k i (q) divides order of the fields automorphism group. If |S| t > l 3 , then similarly as above we get a contradiction. Assume that |S| t = l 3 , then S is isomorphic to one of the groups A 2 (l) or 2 A 2 (l). If t > 2 or q > 4, then |S| t > |L| p ; a contradiction. We get t = 2, q = 4. In this case k 3 (4) = 13, k 6 (4) = 7. If l ≥ t 13 , then we obtain |S| t > |L| p ; a contradiction. Hence l = t 7 and 127 ∈ π(S) \ π(L); a contradiction.
Assume that |S| t = l 2 . Therefor S is isomorphic to 2 B 2 (r). If q > 5 or t > 3, then |S| t > |L| p ; a contradiction. Assume that t = 3 and |S| t ≤ |L| p . Then 1093 ∈ π(S) \ π(L); a contradiction. Assume that t = 2, then 127 ∈ π(S) \ π(L); a contradiction.
Assume that |S| t = l. Hence S is isomorphic to A 1 (r). From the fact that |S| t ≤ |L| p it follows that q < 11. Analyzing all possible variants similarly as above we arrive at a contradiction.
Thus, there exists r i (q), such that r i (q) divides order of the diagonal automorphisms group of S. In this case, S is isomorphic to one of the groups A ε m (l) where ε ∈ {+, −}. We have r i (q) divides (n + 1, l − (ε1)). It is easy to shows that in this case |S| t ≥ |L| p ; a contradiction.
Lemma 23. The number |G|/|S| is not a multiple of r i (q), where i ∈ {3, 6}.
Proof. Assume that there exists r i (q) ∈ π(|G|/|S|), where i ∈ {3, 6}. Take a Hall R i (q)-subgroup H of G. We have for every h ∈ G, (Ind
Using Lemma 12, we obtain |H| divides |S| or |G|/|S|. Since r i (q) divides |G|/|S|, we see that k i (q) divides |G|/|S|; a contradiction with Lemma 22.
Proof. Assume that R 4 (q) ∩ π(K) = ∅. Let : G → G/O R 4 (q) ′ (K) be a natural homomorphism, R < G be a minimal normal subgroup. Take h ∈ G such that π(|h|) ⊆ R 6 (q). It follows from Lemma 23 that h ∈ S, where h ∈ G is the image of the element h. By the definition we have |π(R)∩R 4 (q)| = ∅. If R is not solvable, then it is easy to show that R contains an R 4 (q)-element x such that (Ind G (x)) R 3 (q) < |G| R 3 (q) and (Ind G (x)) R 6 (q) < |G| R 6 (q) . We have π(|x|) ∩ π(O R 4 (q) ′ (K)) = ∅. It follows from Lemma 3 that G contains y such that (Ind G (y)) R 3 (q)∪R 6 (q) = 1; a contradiction with the fact that G ∈ {r 3 (q), r 6 (q)} * and Lemma 5. Hence, R is an elementary Abelian r-group, where r ∈ R 4 (q). Assume that C R (h) > 1. Let x ∈ C R (h). Then (Ind G (x)) R 6 (q) = 1. It follows from Lemma 15 that for any α ∈ N(G) such that α R 6 (q) = 1, we have α R 4 (q) = |L| R 4 (q) . Therefor (Ind G (hx)) R 4 (q) = (Ind G (x)) R 4 (q) .
Thus C G (h) contains a some Sylow r-subgroup of C G (x). In particular, h acts trivially on R. Since R is normal subgroup of G, we obtain any element conjugate with h acts trivially on R. In particular, the minimal preimage H < G of S acts trivially on R. If |S| R 3 (q) > 1, then G contains an element y such that Ind G (y) R 3 (q)∪R 6 (q) = 1; a contradiction. Thus, |G/S| is a multiple of k 3 (q); a contradiction with Lemma 22.
Therefor C R (h) = 1. Thus, |R| divides Ind G (h). Since (Ind G (h)) r ≤ |L| r , we obtain |R| ≤ (k 4 (q)) 2 . The group H acts faithfully on R. Hence |R| − 1 ≥ |H|. From Lemma 23 we get that |H| ≥ 4k 3 (q)k 6 (q) > (k 4 (q)) 2 ; a contradiction.
Lemma 25. The group S is not isomorphic to an alternating group.
Proof. Assume that S ≃ Alt m for some m > 5. From Lemmas 21 and 24 it follows that |G| is a multiple of (k 4 (q)) 2 k 3 (q)k 6 (q). Since |Out(S)| ≤ 4 and |S| is a multiple to 3 and 4, we obtain |S| is divisible by 12(k 4 (q))
. From Lemma 20, we have that a Halls R 3 (q)-subgroup and R 6 (q)-subgroup of S are abelian. Lemmas [35] and [47] Proof. The assertion of the lemma follows from the fact that (q 2 + 1) 2 (q 4 + q 2 + 1) divides |G|, |G| divides |L| and [23] .
Proof. Assume that there exists
where j ∈ {3, 6}. It follows from Lemmas 21 and 24 that |G| is divisible by (k 4 (q)) 2 k 3 (q)k 6 (q); a contradiction. Hence S ≃ A 1 (t m ) where t ∈ R 3 (q) ∪ R 6 (q).
It follows from Lemmas 13 and 14 that for any t ∈ R 3 (q) ∪ R 6 (q) a Sylow t-subgroup of G is cyclic. It follows from Lemma 20 that a Hall R 3 (q)-subgroup and R 6 (q)-subgroup of G are cyclic. Let i = 3 if r ∈ R 1 (q) and i = 6 if r ∈ R 2 (q), H ∈ Hall R i (q) (G/R). It follows from Lemma 15 that if r = 2 then for any x ∈ H we have (Ind G/R (x)) r ≤ 1/4(q + (−1) e ) 2 , and (Ind G (x)) r ≤ 4(q + (−1) e ) 2 if r = 2, where e ∈ {1, 2}. Let h be the generating element of H, and let x ∈ H be an element of order t ∈ R i (q). From Lemma 4 it follows that
From Lemmas 21, 24 and 27 it follows that π(K) ∈ {p}.
Lemma 28. S is a group of Lie type over the field of characteristic p.
Proof. From Lemmas 25 and 26 it follows that S is a group of Lie type. Let t be the characteristic of the field over which S is given. From Lemma 16, it follows that |S| < |S| 3 t . It follows from Lemmas 22, 24 and 27 that |G| is divisible by (k 1 (q)k 2 (q)) 4 (k 4 (q)) 2 k 3 (q)k 6 (q). Lemma 17 implies that t ∈ R 3 (q) ∪ R 6 (q). Assume that t ∈ R 1 (q) ∪ R 2 (q). If t ∈ R 1 (q) put r ∈ R 3 (q)∪π(S). If t ∈ R 2 (q) put r ∈ R 6 (q)∪π(S). From Lemma 18 it follows that S contains an element h such that (Ind S (h)) t = |S| t and (Ind S (h)) r < |S| r . Since G ∈ {r 3 (q), r 6 (q)} * , we obtain (Ind S (h)) r = 1. It follows from Lemma 15 that (Ind S (h)) t ≤ 4(k i (q)) 2 t , where i is such that t ∈ R i (q); a contradiction with Lemma 17. Assume that t ∈ R 4 (q). From Lemma 7 it follows that S contains an element h such that (Ind G (h)) t ′ = |G| t ′ . Using Lemma 15 we obtain α 2 < |G| 2 for any α ∈ N(G) such that α r 4 (q) < |G| r 4 (q) ; a contradiction. Thus, t = p.
Proof. It follows from Lemmas 21, 24, and 27 that |G| is a multiple of |L| p ′ , in particular |L| p ≥ |S| p . Lemma 28 implies that S is a group of Lie type over the field of characteristic p. From Lemmas 13 and 14, it follows that any Sylow t-subgroup of G is cyclic, where t ∈ R 3 (q) ∪ R 6 (q). It follows from Lemma 20 that the Hall R 3 (q)-subgroup and R 6 (q)-subgroup of G are cyclic. It follows from Lemma 22 that k 3 (q)k 6 (q) divides |S|. Hence k i (q) divides the order of some maximal torus, where i ∈ {3, 6}. Let a be a maximal number such that the set π(S) ∩ R a (p) is not empty. From Lemma 21 and the fact that π(S) ≤ π(L) it follows that a = 6n. We have
Thus, m ≤ 4 and l = 6n/m. From the fact that |S| p ′ ≤ |L| p ′ ≤ |Aut(S)| p ′ , it is easy to get a contradiction.
Assume that S ≃ 2 A m (p l ). We have a = 2lm if m is even and a = 2l(m + 1) if m is odd, |S| p = p lm(m+1)/2 . Thus, m ≤ 7 and l = 3n/m if m is even and l = 3n/(m + 1) if m is odd. From the fact that |S| p ′ ≤ |L| p ′ ≤ |Aut(S)| p ′ , it is easy to get a contradiction.
Assume
Assume that S ≃ ε E α (p l ), where α ∈ {6, 7, 8}, if α = 6 then ε ∈ {+, −} otherwise α is the empty symbol. In this case it is easy to show that |S| p > |L| p ; a contradiction.
Lemma 30. G ≃ L
Proof. From Lemma 29 it follows that S ≃ L. Assume that K is not trivial. From Lemmas 21, 24, and 27 it follows that K is a p-group. Take h ∈ S is an element of order k 6 (q). Since r 6 (q) is not adjacent to p in the graph GK(S), we obtain (Ind S (h)) p = |S| p = |L| p . Let h ′ ∈ G be the preimage of the element h. If h ′ acts non trivially on K then (Ind G (h ′ )) p > |L| p ; a contradiction. Thus h ′ acts trivially on K. Hence any element conjugate to h ′ acts trivially on K. Since S is a simple group, the minimal preimage H of S is contained in C G (K). Hence for any x ∈ K we have (Ind G (x)) R 3 (q)∪R 6 (q) = 1; a contradiction with Lemma 5. Thus K is trivial.
From Lemma 8 we obtain S = G.
The proposition 1 is proved.
3 Proof the Theorem for groups
Lemma 31. G ∈ {r 7 (q), r 14 (q)} * Proof. The assertion of the lemma follows from Lemma 15.
Lemma 32. A Hall R 7 (q)-subgroup and R 14 (q)-subgroup of G exists and is abelian.
Proof. Note that 2, 3, 5 ∈ R 7 (q) ∪ R 14 (q). It follows from Lemmas 31 and 5 that for any r ∈ R 7 (q) ∪ R 14 (q) a Sylow r-subgroup of G is abelian. Hence for any r-element h we have (Ind G (h)) r = 1. It follows from Lemma 15 that (Ind G (h)) R i (q) = 1, where i such that r ∈ R i (q). It follows from Lemma 9 that the Hall R i (q)-subgroup exists and is abelian.
Lemma 33. The group G includes a normal subgroup K such that S ≤ G = G/K ≤ Aut(S), where S is non abelian simple group, and |G| is a multiple of k 7 (q)k 14 (q).
Proof. Let G = G/O (R 7 (q)∪R 14 (q)) ′ . Suppose that G include non-trivial solvable minimal normal subgroup X. We have π(X) ⊆ R i (q), where i ∈ {7, 14}. Take a Hall R j (q)-subgroup H of G, where j ∈ {7, 14} \ {i}. Therefor XH is a Frobenius group with kernel X. Hence N( G) contains a number is multiple of |X|. It follows that |X| divides k i (q). Since X is a Frobenius kernel of XH, we obtain |X| − 1 is multiple of |H|. It follows from |H| = |G| R j (q) ≥ |L| R j (q) = k j (q) that k j (q) divides k i (q); a contradiction with Lemma 2.
Let R be the socle of G. We get that R = S 1 × ... × S k , where S 1 , ..., S k are non abelian simple groups. Assume that k > 1. It follows from the definition that the order of S h is multiple of some number of R 7 (q) ∪ R 14 (q), for every 1 ≤ h ≤ k. Note that ω( G) ⊆ ω(G). Hence R contains no element of order tr, where t ∈ R 7 (q) and r ∈ R 14 (q). Thus, π(R) ∩ (R 7 (q) ∪ R 14 (q)) ⊆ R i (q), where i ∈ {7, 14}. The S 1 contains an element g such that (Ind R (g)) R 7 (q)∪R 14 (q) = |S 1 | R 7 (q)∪R 14 (q) . We have 1 < (Ind S 1 (g)) R 7 (q)∪R 14 (q) < |R| R 7 (q)∪R 14 (q) . Similarly, as in Lemma 8 we can shows that |R| = |R||. In particular |R| R 7 (q)∪R 14 (q) > (Ind R (g)) R 7 (q)∪R 14 (q) ; using Lemma 3 we get a contradiction.
Thus k = 1 and R ≤ G ≤ Aut(R), where R is a simple group. Since |G| R 7 (q)∪R 14 (q) = | G| R 7 (q)∪R 14 (q) we get k 7 (q)k 14 (q) divides | G.
Let S, G and K be similar as in Lemma 33.
Lemma 34. |Out(S)| is not a multiple of k 7 (q) and k 14 (q).
Proof. Assume that there exists i ∈ {7, 14} such that k i (q) divides |Out(S)|. Since r i (q) > 13, we get S can not be isomorphic to a sporadic group or an alternating group. Hence S is a group of Lie type over a field of order l = t r of characteristic t. From Lemmas 8 and 3 it follows that |S| divides |G||. Since |G|| = |L||, we obtain |S| divides |L|. In particular, for any k ∈ π(S), we have |S| k ≤ |L| k .
From 2, 3 ∈ R i (q), it follows that k i (q) divides order of the field automorphisms group of S. Hence l ≥ t k i (q) . It follows from Lemma 2 that k i (q) ∈ {(q 7 − 1)/((7, q − 1)(q − 1)), (q 7 + 1)/((7, q + 1)(q + 1)}. Note that for any k ∈ π(L), we have |L| k < |L| p and |L| p = q 56 . Since q > 3, we have |S| t ≥ t k i (q) > q 56 = |L| p ; a contradiction.
Lemma 35. The number |G|/|S| is not a multiple of r i (q), where i ∈ {7, 14}.
Proof. Assume that there exists r i (q) ∈ π(|G|/|S|), where i ∈ {7, 14}. Take a Hall
Using Lemma 12, we obtain |H| divides |S| or |G|/|S|. Since r i (q) divides |G|/|S|, we see that k i (q) divides |G|/|S|; a contradiction with Lemma 34.
be a natural homomorphism, R < G be a minimal normal subgroup. Take h ∈ G such that π(|h|) ⊆ R 14 (q). It follows from Lemma 34 that h ∈ S, where h ∈ G is the image of the element h. By the definition we have |π(R)∩R 8 (q)| = ∅. If R is not solvable, then it is easy to show that R con-
It follows from Lemma 3 that G contains y such that (Ind G (y)) R 7 (q)∪R 14 (q) = 1; a contradiction with the fact that G ∈ {r 7 (q), r 14 (q)} * and Lemma 5. Hence, R is an elementary Abelian r-group, where r ∈ R 8 (q). Assume that C R (h) > 1. Let x ∈ C R (h). Then (Ind G (x)) R 14 (q) = 1. It follows from Lemma 15 that for any α ∈ N(G) such that α R 14 (q) = 1, we have α R 8 (q) = |L| R 8 (q) . Therefor (Ind G (hx)) R 8 (q) = (Ind G (x)) R 8 (q) . Thus C G (h) contains a some Sylow r-subgroup of C G (x). In particular, h acts trivially on R. Since R is normal subgroup of G, we obtain any element conjugate with h acts trivially on R. In particular, the minimal preimage H < G of S acts trivially on R. If |S| R 7 (q) > 1, then G contains an element y such that Ind G (y) R 7 (q)∪R 14 (q) = 1; a contradiction. Thus, |G/S| is a multiple of k 7 (q); a contradiction with Lemma 34.
Therefor
The group H acts faithfully on R.
2 ; a contradiction.
Lemma 37. The group S is not isomorphic to an alternating group.
Proof. Assume that S ≃ Alt m for some m > 5. Since S is divided by r 14 (q) > 13, we get m > 13. Therefor |Out(S)| = 2. From Lemma 32, it follows that the Hall R 7 (q)-and R 14 (q)-subgroups are abelian. It follows from Lemmas [35] and [47] that the Hall π-subgroup of Alt m is abelian only if |π ∩ π(Alt m )| = 1. Thus, m ≥ k i (q), where i ∈ {7, 14}. Hence |S| > |L|; a contradiction.
Lemma 38. The group S is not isomorphic to any of the sporadic groups.
Proof. The assertion of the lemma follows from the fact that k 2 8 (q)k 7 (q)k 14 (q) divides |G|, |G| divides |L| and [23] .
Proof. Assume that r j (q) ∈ π(K), where j = 4 and r j (q) = 2. From Lemmas 33 and 36 it follows that j ∈ {7, 8, 14}. Let R = O r ′ j (G), X K/R be the minimal normal subgroup. Similarly, as in the Lemma 22, we can show that X is an elementary abelian group. Let i = 14 if j = 2 in the another case i = 7. It follows from Lemmas 13 and 14 that every s-subgroup of G is cyclic, where t ∈ R 7 (q) ∪ R 14 (q). It follows from Lemma 32 that the Hall R 7 (q)-and R 14 (q)-subgroups of G are cyclic. Let H ∈ Hall R i (q) (G/R), and h ∈ H be the generating element. Then h acts regularly on [X, H]. Hence (Ind G/R (h)) r j (q) > |[X, H]| ≥ k i (q) + 1. if j ∈ {3, 6, 5, 10, 12} then k i (q) > |L| r l (q) ; a contradiction. If j ∈ {1, 2} and r j (q) = {2}, then (Ind G/R (h)) r j (q) ≤ (k j (q)) 6 < k i (q); a contradiction.
Lemma 40. The S is a group of Lie type over the field of characteristic p.
Proof. From Lemmas 37 and 38 it follows that S is a group of Lie type over a field of order t m for some prime t. The assertion of the lemma follows from the fact that |G| < |S| Proof. It follows from Lemmas 33, 36, and 39 that |G| is a multiple of |L| ({p,2}∪R 4 (q)) ′ . Lemma 40 implies that S is a group of Lie type over the field of characteristic p. From Lemmas 13 and 14, it follows that any Sylow t-subgroup of G is cyclic, where t ∈ R 7 (q) ∪ R 14 (q). It follows from Lemma 32 that the Hall R 7 (q)-subgroup and R 14 (q)-subgroup of G are cyclic. It follows from Lemma 35 that k 7 (q)k 14 (q) divides |S|. Hence k i (q) divides the order of some maximal torus, where i ∈ {7, 14}. Let a be a maximal number such that the set π(S) ∩R a (p) is not empty. From Lemma 21 and the fact that π(S) ≤ π(L) it follows that a = 14n. We have |S| p ≤ |L| p = p 4a . Assume that S ≃ A m (p l ). We have a = l(m + 1), |S| p = p lm(m+1)/2 = p am/2 ≤ p 4a . Thus, m ≤ 8 and l = (14n − 1)/m. Thus S contains a torus of order (q 14 − 1)/(m + 1, p l − 1). In particular S contains an element of order r n7 (p)r n14 (p); a contradiction with Lemma 31. Assume that S ≃ 2 A m (p l ). We have a = 2l(m + 1) if m is even and a = 2lm if m is odd, |S| p = p lm(m+1)/2 . Thus, m ≤ 8 and l = 3n/m if m is even and l = 3n/(m + 1) if m is odd. It is easy to obtain a contradiction from the fact that |Aut(S)| p ′ > |L| ({p,2}∪R 4 (q)) ′ .
Assume that S ≃ B m (p l ) or S ≃ B m (p l ). We have a = 2lm, |S| p = p lm 2 = p am/2 ≤ p 2a . Thus, m ≤ 4 and l = 3n/m. From the fact that |S| p ′ ≤ |L| ({2,p}∪R 4 (q)) ′ ≤ |Aut(S)| p ′ , it is easy to obtain a contradiction.
Assume that S ≃ 2 B 2 (p l ). We have l ≤ a < 4l, |S| p = p 2l . Hence 14n ≤ l < 7n/2. Thus, |Aut(S)| p ′ < q(q − 1)(q 2 + 1); a contradiction with the fact that q 12 < |L| ({2,p}∪R 4 (q)) ′ ≤ |Aut(S)| p ′ .
Similarly show that S can not be isomorphic to
. We have a = 2l(m − 1), |S| p = p lm(m−1) = p am/2 ≤ p 4a . Thus, m ≤ 8. If m = 8 then l = n and consequently S ≃ L. Assume that m < 8. If m = 7 or m = 5 then from Lemma 15 we yet that S ∈ {r 7 (q), r 14 (q)} * . Therefor G ∈ {r 7 (q), r 14 (q)} * , a contradiction with Lemma 31. If m = 6 or m = 4 then |Aut(S)| ({2,p}∪R 4 (q)) ′ < |L| ({2,p}∪R 4 (q)) ′ , a contradiction.
Assume that S ≃ 2 D m (p l ). We have a = 2lm, |S| p = p lm(m−1) = p a(m−1)/2 ≤ p 4a . Thus, m ≤ 9. From the facts that |S| ≤ |L| and |L| ({2,p}∪R 4 (q)) ′ ≤ |Aut(S)| ({2,p}∪R 4 (q)) ′ , it is easy to get a contradiction.
